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Introduction
• Computer vision  (analysis)

• Computer graphics  (synthesis)

Talk Overview
1. Statistical models

2. Physics-based models
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Statistical Models

Appearance-based approach
• The appearance of objects in images

Objective
• A compact and descriptive representation for 

recognition

Turning on to tensor algebra !
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Turning on to tensor algebra !Turning on to tensor algebra !

Why is Face Recognition Difficult?

Variable illuminationVariable illuminationVariable illumination



Why is Face Recognition Difficult?

Variable viewpointVariable viewpointVariable viewpoint
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Principal components (eigenvectors) of image 
ensemble

Principal components (eigenvectors) of image Principal components (eigenvectors) of image 
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Eigenfaces
• Facial images

• Eigenfaces basis vectors capture the variability in facial 
appearance

• Eigenfaces have been successful in simple facial recognition

– i.e., frontal images with fixed illumination

•• Facial imagesFacial images

•• EigenfacesEigenfaces basis vectors capture the variability in facial basis vectors capture the variability in facial 
appearanceappearance

•• EigenfacesEigenfaces have been successful in simple facial recognitionhave been successful in simple facial recognition

–– i.e., frontal images with fixed illuminationi.e., frontal images with fixed illumination

The Problem with Linear (PCA) 
Appearance-Based Recognition Methods

Eigenimages work best for recognition when only 
a single factor – e.g., object identity – varies 
• However, natural images result from multiple causal factors

related to scene structure, illumination and imaging

• Distinguish between observational factor and causal factors

EigenimagesEigenimages work best for recognition when only work best for recognition when only 
a single factor a single factor –– e.g., object identity e.g., object identity –– varies varies 
•• However, natural images result from However, natural images result from multiple causal factorsmultiple causal factors

related to scene structure, illumination and imagingrelated to scene structure, illumination and imaging

•• Distinguish between Distinguish between observationalobservational factor and factor and causalcausal factorsfactors



Our Approach
[ Vasilescu & Terzopoulos, ECCV 02, ICPR 02, CVPR 03, CVPR 05, ICCV 07 ]

A nonlinear appearance-based technique

• Our appearance-based model explicitly accounts
for each of the multiple causal factors inherent in 
image formation

• Multilinear algebra, the algebra of higher-order 
tensors

• Applied to facial images, we call our tensor 
technique “TensorFaces”

A A nonlinearnonlinear appearanceappearance--based techniquebased technique

•• Our appearanceOur appearance--based model based model explicitly accountsexplicitly accounts
for each of the multiple causal factors inherent in for each of the multiple causal factors inherent in 
image formationimage formation

•• MultilinearMultilinear algebra, the algebra of higheralgebra, the algebra of higher--order order 
tensorstensors

•• Applied to facial images, we call our tensor Applied to facial images, we call our tensor 
technique technique ““TensorFacesTensorFaces””

Linear   versus   Bilinear

Z = X

Z = Y

Z = XY



Linear vs Multilinear Manifolds

In low-dimensional spaceIn lowIn low--dimensional spacedimensional space

views
illuminations

expressions

people
PIE Database (Weizmann)



Data Organization
Linear/PCA: Data Matrix  D

• Rpixels x images

• A matrix of image vectors

Multilinear: Data Tensor D
• Rpeople x views x illums x express x pixels

• N-dimensional tensor
• 28 people, 45 images/person
• 5 views, 4 illuminations, 

3 expressions per person

Linear/PCA: Linear/PCA: Data Matrix  Data Matrix  D

•• RRpixelspixels x imagesx images

•• A matrix of image vectorsA matrix of image vectors

MultilinearMultilinear: : Data Tensor Data Tensor DD
•• RRpeoplepeople x views x x views x illumsillums x express x pixelsx express x pixels

•• NN--dimensional tensordimensional tensor
•• 28 people, 45 images/person28 people, 45 images/person
•• 5 views, 4 illuminations, 5 views, 4 illuminations, 

3 expressions per person3 expressions per person
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Tensor Decomposition

Complete Dataset

}Learning Phase
(Tensor Decomposition)



Background on Tensor 
Decomposition

• Factor Analysis: 
– Psychometrics, Econometrics, Chemometrics,…

• SVD:
– [Eckart and Young, 1936] (Psychometrika)

“The approximation of one matrix by another of lower rank“

• 3-Way Factor Analysis:
– [Tucker,1966] (Psychometrika)

“Some mathematical notes on three mode factor analysis“

• N-Way Factor Analysis:
– [Harshman, 1970] – Parafac
– [Carrol and Chang, 1970] – Candecomp
– [Kruskal, 1977]
– [Kroonenberg and De Leeuw, 1980]
– [Kapteyn, Neudecker, and Wansbeek, 1986]
– [Franc, 1992]
– [de Lathauwer, 1997]  [Kolda, 2001] …

•• Factor Analysis: Factor Analysis: 
–– Psychometrics, Econometrics, Psychometrics, Econometrics, ChemometricsChemometrics,,……

•• SVD:SVD:
–– [[EckartEckart and Young, 1936]and Young, 1936] ((PsychometrikaPsychometrika))

““The approximation of one matrix by another of lower rankThe approximation of one matrix by another of lower rank““

•• 33--Way Factor Analysis:Way Factor Analysis:
–– [Tucker[Tucker,,1966]1966] ((PsychometrikaPsychometrika))

““Some mathematical notes on three mode factor analysisSome mathematical notes on three mode factor analysis““

•• NN--Way Factor Analysis:Way Factor Analysis:
–– [[HarshmanHarshman, 1970], 1970] –– ParafacParafac
–– [[CarrolCarrol and Chang, 1970]and Chang, 1970] –– CandecompCandecomp
–– [[KruskalKruskal, 1977], 1977]
–– [[KroonenbergKroonenberg and De and De LeeuwLeeuw, 1980], 1980]
–– [[KapteynKapteyn, , NeudeckerNeudecker, and , and WansbeekWansbeek, 1986], 1986]
–– [Franc, 1992][Franc, 1992]
–– [de [de LathauwerLathauwer, 1997]  [, 1997]  [KoldaKolda, 2001] , 2001] ……

Matrix Decomposition - SVD

• A matrix                 has a column and row space  

• SVD orthogonalizes these spaces and decomposes

• Rewrite in terms of mode-n products

•• A matrix                 has a column and row space  A matrix                 has a column and row space  

•• SVD SVD orthogonalizesorthogonalizes these spaces and decomposesthese spaces and decomposes

•• Rewrite in terms of Rewrite in terms of modemode--n productsn products
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Tensor Decomposition
D is a N-dimensional “matrix”, with N spaces
• N-mode SVD is the natural generalization of SVD

• N-mode SVD orthogonalizes these spaces and decomposes D
as the mode-n product of N-orthogonal spaces

• Mode-n matrix  spans the column space of

• Core tensor Z governs interaction between mode matrices

D D is a is a NN--ddimensional imensional ““matrixmatrix””, with , with N sN spacespaces
•• NN--mode SVD is the natural generalization of SVDmode SVD is the natural generalization of SVD

•• NN--mode SVD mode SVD orthogonalizesorthogonalizes these spaces and decomposes these spaces and decomposes DD
as the modeas the mode--n product of Nn product of N--orthogonal spacesorthogonal spaces

•• ModeMode--n matrix  n matrix  spans the column space ofspans the column space of

•• Core tensorCore tensor ZZ governs interaction between mode matricesgoverns interaction between mode matrices
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N-Mode SVD Algorithm

Two steps:
1. For n = 1,…,N, compute matrix       by computing 

the SVD of the flattened matrix         and           
setting       to be the left matrix of the SVD

2. Solve for the core tensor

Two steps:Two steps:
1.1. For n = 1,For n = 1,……,N, compute matrix       by computing ,N, compute matrix       by computing 

the SVD of the flattened matrix         and           the SVD of the flattened matrix         and           
setting       to be the left matrix of the SVDsetting       to be the left matrix of the SVD

2.2. Solve for the core tensorSolve for the core tensor
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Multilinear PCA (MPCA) Algorithm
(Covariance Matrix Form)

1. Compute mode matrix    for each causal factor:
Compute the factor-n covariance matrix:

Set       :=  left matrix of the SVD of the covariance matrix

2. Solve for the core tensor:

1. Compute mode matrix    for each causal factor:1. Compute mode matrix    for each causal factor:
Compute the factorCompute the factor--nn covariance matrix:covariance matrix:

Set       :=  left matrix of the SVD of the covariance matrixSet       :=  left matrix of the SVD of the covariance matrix

2. Solve for the core tensor:2. Solve for the core tensor:
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Dimensionality Reduction

Iterative data reduction approach:
• Optimize mode per mode in an iterative way
• Alternating Least Squares (ALS) algorithm

Iterative data reduction approach:Iterative data reduction approach:
•• Optimize mode per mode in an iterative wayOptimize mode per mode in an iterative way
•• Alternating Least Squares (ALS) algorithmAlternating Least Squares (ALS) algorithm
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TensorFaces

Mean Sq. Err. = 409.15
3 illum + 11 people param.

33 basis vectors

PCA

Mean Sq. Err. = 85.75
33 parameters

33 basis vectors

Strategic Data Compression = 
Perceptual Quality

Original

176 basis vectors

TensorFaces

6 illum + 11 people param.
66 basis vectors

TensorFaces data reduction in illumination space TensorFaces data reduction in illumination space 
primarily suppresses illumination effectsprimarily suppresses illumination effects
(shadows, highlights)(shadows, highlights)

•• PCA can have PCA can have lower mean square errorlower mean square error, yet, yet higher perceptual errorhigher perceptual error

Query Image

Tensor Decomposition

Recognized Person

Complete Dataset

Face Recognition

Illum
ination Param
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Views

Illums.

People

TensorFaces: B = Z x5 Upixels

TensorFaces:
explicitly represent
covariance across
factors
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Linear Projection
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Multilinear ProjectionMultilinear Projection
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[Vasilescu & Terzopoulos CVPR’05]

Typical Facial Recognition Results
[Vasilescu & Terzopoulos, ICPR’02]

88%88%27%27%

Training:Training: 23 people, 5 viewpoints (0,+17,          23 people, 5 viewpoints (0,+17,          
--17,+34,17,+34,--34), 3 illuminations34), 3 illuminations

Testing:Testing: 23 people, 5 viewpoints (0,+17,            23 people, 5 viewpoints (0,+17,            
--17,+34,17,+34,--34), 434), 4thth illuminationillumination

80%80%61%61%

Training:Training: 23 people, 3 viewpoints (0,+34,23 people, 3 viewpoints (0,+34,--34),   34),   
4 illuminations4 illuminations

Testing:Testing: 23 people, 2 viewpoints (+17,23 people, 2 viewpoints (+17,--17),        17),        
4 illuminations (4 illuminations (center,left,right,left+rightcenter,left,right,left+right))

TensorFacesTensorFacesPCAPCAPIE Recognition ExperimentPIE Recognition Experiment



HigherHigher--Order    Order    
StatisticsStatistics

22nd nd --Order Order 
StatisticsStatistics
(covariance)(covariance)

Our Nonlinear Our Nonlinear 
((MultilinearMultilinear) Models) Models

Linear Linear 
ModelsModels

Perspective on Multilinear Models

Multilinear PCA
TensorFaces

PCA
Eigenfaces

ICA Multilinear ICA
Independent TensorFaces

[Vasilescu & Terzopoulos, Learning 2004]

?

Other Multilinear Applications

• Human Motion Signatures
[Vasilescu ICPR 02, CVPR 01, SIGGRAPH 01]

• Image-Based Rendering
[Vasilescu & Terzopoulos, SIGGRAPH 04]

•• Human Motion SignaturesHuman Motion Signatures
[[VasilescuVasilescu ICPR 02, CVPR 01, SIGGRAPH 01ICPR 02, CVPR 01, SIGGRAPH 01]]

•• ImageImage--Based RenderingBased Rendering
[[VasilescuVasilescu & & TerzopoulosTerzopoulos, SIGGRAPH 04], SIGGRAPH 04]



PlasterPlasterPebblesPebblesConcreteConcrete

BTF Texture Mapping
[Dana et al. 1999]
BTF Texture Mapping
[Dana et al. 1999]

Standard
Texture Mapping

BTF
Texture Mapping

Bidirectional Texture Function (BTF)Bidirectional Texture Function (BTF)Bidirectional Texture Function (BTF)

Surface reflectance as a function of position on Surface reflectance as a function of position on 
surface, view direction, and illumination directionsurface, view direction, and illumination direction

•• The BTF captures shading and The BTF captures shading and mesostructuralmesostructural selfself--
shadowing, selfshadowing, self--occlusion, occlusion, interreflectioninterreflection, subsurface , subsurface 
scatteringscattering
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photometric angles

BRDF



Learning an Appearance-Based
Generative Model of the BTF

Image Acquisition, 
Pre-processing

&
Organization

Tensor Decomposition                     
&                         

Dimensionality Reduction                  
Rendering
Algorithm

Uviews

Uillums

T

D

D

T

?Viewpoint

Illumination

Geometry
Analysis

Synthesis

TensorTextures: 
Multilinear Image-Based Rendering



Rendered Texture for a Planar Surface

Generalizations: Kernelization

Factor-n Covariance Matrix:FactorFactor--n Covariance Matrix:n Covariance Matrix:
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Kernel MPCA (KMPCA) Algorithm

1. Compute mode matrix    for each causal factor:
Compute the factor-n covariance matrix:

Set       :=  left matrix of the SVD of the covariance matrix

2. Solve for the core tensor:

1. Compute mode matrix    for each causal factor:1. Compute mode matrix    for each causal factor:
Compute the factorCompute the factor--nn covariance matrix:covariance matrix:

Set       :=  left matrix of the SVD of the covariance matrixSet       :=  left matrix of the SVD of the covariance matrix

2. Solve for the core tensor:2. Solve for the core tensor:
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Kernels
• Linear kernel:

• Polynomial kernel up to degree d:

• Sigmoidal kernel:

• Gaussian radial basis function (RBF) kernel:

Connection to manifold learning algorithms
• Locally Linear Embedding kernel: 
• Isomap kernel:
• Laplacian Eigenmap kernel:

•• Linear kernel:Linear kernel:

•• Polynomial kernel up to degree d:Polynomial kernel up to degree d:

•• SigmoidalSigmoidal kernel:kernel:

•• Gaussian radial basis function (RBF) kernel:Gaussian radial basis function (RBF) kernel:

Connection to manifold learning algorithmsConnection to manifold learning algorithms
•• Locally Linear Embedding kernel: Locally Linear Embedding kernel: 
•• IsomapIsomap kernel:kernel:
•• LaplacianLaplacian EigenmapEigenmap kernel:kernel:
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Introduction
• Computer vision  (analysis)

• Computer graphics  (synthesis)

Talk Overview
1. Statistical models

2. Physics-based models

•• Computer vision  (analysis)Computer vision  (analysis)

•• Computer graphics  (synthesis)Computer graphics  (synthesis)

Talk OverviewTalk Overview
1.1. Statistical modelsStatistical models

2.2. PhysicsPhysics--based modelsbased models

Modeling

Deformable Models

A powerful, model-based image analysis 
approach 
• Proposed in computer vision (and graphics)

• Actively explored in medical image analysis

• Combine bottom-up and top-down analysis

• Accommodate shape & motion constraints/variability

• Support intuitive interaction mechanisms

• Incorporate a priori anatomical knowledge

A powerful, modelA powerful, model--based image analysis based image analysis 
approach approach 
•• Proposed in computer vision (and graphics)Proposed in computer vision (and graphics)

•• Actively explored in medical image analysisActively explored in medical image analysis

•• Combine bottomCombine bottom--up and topup and top--down analysisdown analysis

•• Accommodate shape & motion constraints/variabilityAccommodate shape & motion constraints/variability

•• Support intuitive interaction mechanismsSupport intuitive interaction mechanisms

•• Incorporate a priori anatomical knowledgeIncorporate a priori anatomical knowledge



Example

Scattered data fittingScattered data fittingScattered data fitting

Input Data Desired Result

Visual Surface Reconstruction 
[Terzopoulos, 1980-84]

Regularization: Thin-plate spline under tensionRegularization: ThinRegularization: Thin--plate plate splinespline under tensionunder tension
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Discontinuity-Preserving 
Surface Reconstruction

Make Make ““rigidityrigidity”” & & ““tensiontension””
functions of (x,y)functions of (x,y)

••Tangent discontinuities: Tangent discontinuities: 

••Jump discontinuities:Jump discontinuities:
1),( =yxτ 1),( =yxτ

0),( =yxρ 0),( =yxρ

• Curve representation:

• Curve deformation energy:

• Equations of motion:

•• Curve representation:Curve representation:

•• Curve deformation energy:Curve deformation energy:

•• Equations of motion:Equations of motion:

Snakes:
Active Contours    
[Kass, Witkin, Terzopoulos, 1987]
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Image Analysis Using Snakes

External forces come from an image

• Image potential: 

External forces come from an imageExternal forces come from an image

•• Image potential: Image potential: 
)(cf P−∇= )(cf P−∇=

),( yxP ),( yxP

Motion Tracking in Video

Time-varying image potentialTimeTime--varying image potentialvarying image potential
),,( tyxP ),,( tyxP



Family of Active Contours

Numerous variantsNumerous variantsNumerous variants

Livewire

Hermite Snakes

Fourier Descriptor Snakes

Wavelet Snakes

B-snakes

Active Shape Models

Kalman Snakes

Condesention Snakes

Topologically Adaptive Snakes

Finite Element Snakes

Discrete Snakes

DP Optimal Boundary Tracking

Snakes  (Kass, Witkin, Terzopoulos, 1987)

Dynamic Programming Snakes

• Level-set implementation of active contours 
Eulerian (implicit) vs Lagrangian (parametric) 

•• LevelLevel--set implementation of active contours set implementation of active contours 
EulerianEulerian (implicit) (implicit) vsvs LagrangianLagrangian (parametric) (parametric) 

Level Set Snakes

Level-Set Snakes

• Surface representation:

• Surface deformation energy:

• Equations of motion:

•• Surface representation:Surface representation:

•• Surface deformation energy:Surface deformation energy:

•• Equations of motion:Equations of motion:

Deformable Surfaces
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Deformable Model 
Reconstruction

Reconstruction

3D to 2D projection3D to 2D projection3D to 2D projection

Viewpoint

Image

3D model
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Deformable 
Superquadrics

Parameterized models
with local deformations

Parameterized modelsParameterized models
with local deformationswith local deformations

Deformable Models for Graphics: 
Deformation Strain Energies 

Differential geometry: Fundamental theorems
• Curves

• Surfaces

• Solids

Differential geometry: Fundamental theoremsDifferential geometry: Fundamental theorems
•• CurvesCurves

•• SurfacesSurfaces

•• SolidsSolids
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Cloth Simulation: Draped Robe

Deformable Models in 
Medical Image Analysis

• Segmentation

• Shape reconstruction and modeling

• Motion estimation and analysis

• Registration

• Functional modeling

•• SegmentationSegmentation

•• Shape reconstruction and modelingShape reconstruction and modeling

•• Motion estimation and analysisMotion estimation and analysis

•• RegistrationRegistration

•• Functional modelingFunctional modeling



Cardiac LV Motion Tracking
[McInerney & Terzopoulos, 1995]

Interactive Medical Image 
Segmentation using Snakes

EM neuronal tissue sectionsEM neuronal tissue sectionsEM neuronal tissue sections



Reconstruction of Neuronal 
Dendrite

Cell interiors stacked in 3DCell interiors stacked in 3DCell interiors stacked in 3D

Visualization of Dendrite

Ray-traced interpolated volumeRayRay--traced interpolated volumetraced interpolated volume



Complex Structure Extraction
Cerebral Vasculature

Lung

Brain

T-Surface Segmentation of Cortex    



Shrink-Wrap Segmentation

T-Snake Segmentation of 
Brain Image



Affine Cell Image 
Decomposition
ACID makes snakes topologically flexible 

• ACID grid continually reparameterizes snake

ACID makes snakes topologically flexible ACID makes snakes topologically flexible 

•• ACID grid continually ACID grid continually reparameterizesreparameterizes snakesnake

Topologically Adaptive Snakes
[McInerney & Terzopoulos, 1996]

Segmenting Retinal Angiogram
• T-snake flows and bifurcates

Segmenting Retinal AngiogramSegmenting Retinal Angiogram
•• TT--snake flows and bifurcatessnake flows and bifurcates

Initial Model Flow Segmented Angiogram



Retinal Angiogram Segmentation 

Deformable Organisms
[Hamarneh, McInerney, Terzopoulos, MICCAI’01, MIA’01]

Corpus Callosum OrganismCorpus Corpus CallosumCallosum OrganismOrganism

Memory and
prior knowledge

Plan or schedule

Sensors

Skeleton

Muscles 
and limbs

Interactions with
other creatures

Underlying 
medial based Shape 

representation

Muscle actuation causes 
shape deformation

BrainPerception

Perceptual attention
mechanism
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BrainPerception

Perceptual attention
mechanism
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Deformable Organisms

Deformable Organisms




